Two-dimensional instability of smooth compressible vortices by Le Dizès, Stéphane & Parras, Luis
Two-dimensional instability of smooth compressible
vortices
Ste´phane Le Dize`s1, Luis Parras1,2
1 CNRS, Aix Marseille Univ, Centrale Marseille, IRPHE, F-13013 Marseille, France
2 E.T.S. Ingenierı´a Industrial, Universidad de Ma´laga, 29071 Ma´laga, Spain
Columnar vortices such as the Lamb-Oseen vortex or the Rankine vortex which have
a Gaussian and a top-hat vorticity profile respectively, are known to be stable in an in-
compressible homogeneous medium. These vortices are wave guides and exhibit waves
(Kelvin waves). For a Rankine vortex, these waves are all neutral in the inviscid limit. For
a Lamb-Oseen vortex (or any vortex with a smooth vorticity profile), some of these waves
become damped owing to the presence of a critical layer.
When the vortex is placed in an environment which can support waves, it can become
unstable. This was first discovered by Broadbent & Moore1 for a Rankine vortex in a
compressible medium, and then also observed by Ford2 in a shallow water framework.
1.4 1.5 1.6 1.7 1.8−0.2
−0.1
0
0.1
0.2
0.3
0.4
M
ω
r
/
m
Unstable
modes
Stable modes
Figure 1: Angular frequency versus the
Mach number M of 2D modes of azimuthal
wavenumber m = 20 for a Lamb-Oseen vor-
tex in an inviscid homentropic fluid. Solid
black lines: large m asymptotic estimates;
Blue dots: numerically computed unstable
modes.
Numerical results will be obtained for a
family of vortices ranging from the Rank-
ine vortex to the Gaussian vortex. We shall
see that when the vorticity profile becomes
less steep the two-dimensional small az-
imuthal wavenumber unstable modes dis-
covered by Broadbent & Moore become
stable below a critical Mach number due
to critical layer damping 3.
However, we shall show that new un-
stable modes are present. These unstable
modes have larger azimuthal wavenum-
bers than previously considered. Their
characteristics are predicted using a large
azimuthal wavenumber asymptotic anal-
ysis. This analysis allows us to show
that the instability mechanism is associ-
ated with wave emission as described in
Le Dize`s & Billant4 for stratified vortices.
It also provides the frequency and the
spatial structure of the unstable modes. A
good agreement with numerical stability results is demonstrated (see figure 1).
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